
 

1 Directed Gragh
Agraph G LV E with a set of vertices U and a setof

edges E
V ULG E El G V X V

Anedge pointing fromnode i to nodeg is denoted as
Li j or I I

yuni
directed if ci j IE't Cja HE

GraphG is said to be
bidirected if ci j c E cj i e E
undirected if E i j ii jicE
usually uses U rather thanG

For undirectedgraphU id j are adjacent if i j CECU
For bidirectedgraph G it's associated undirectedgraphis
is denoted to be U G
The transposegraphGTof G is definedby

1 V GT UCG same nodes
2 t Ci j CECG Cj i CE Gi switch ii ji

Corollary GT Gift G is bidirected
E GT A ECG 01 if G is unidirected

A graph G is a subgraphofG if
VCG E VCGI
ECG't E ElG n voi xVCG'D

Agraph is calledacyclic if there is no cycle that i is it a

for is c VG
cycle



0
A tournament is a umidirected graph in which everypairof
distinct vertices is connectedby a singledirected edge

Eg
to
040

A subgraphG is said to be inducedby J EVCG if
VCG J ELG K J XJ

Weuse notation G Gly We sometimes call G to be a projection

ofGonto J

Lemma Everytournament on n vertices includes an acyclicsubgraph
induced on It Llog n vertices Stearns Erdos and Moser

Anindependentsetof a graphG is a setofverticeswith no edgeamong
them The independencenumber hCG is the sizeof the largest
independent set of graphG

Eg
0 d G 3 the independenceset

is 1 3 4

A dique k of graphG is a set of vertices such that there is an
edge fromevery vertex ink to everyothervertex ink Thecliquenumber
weG is the sizeof the largestcliqueofgraphG

Thecomplement inverseof Graph G is a graph Is suchthat
VCG VEG ELG AECGf 01 ElG UECE VCG XUCG



With G d G we state that
we G LcEi

Theaboveequalityholds even for undirectedgraphs

2 Coloring the Graph CUndirected Graph
A coloring of an undirected graph U is a mapping that assigns
a color to eachvertexsuchthat no two adjacentvertices share
the samecolor
The chromatic number x U is theminimumnumber of colors
suchthat a coloring of graphU exists
A b fold coloring assigns a set of b colors to eachvertexsuchthat
no two verticessharesomecolor in common x'bkU is theminimum
numberofcolors

Pi A 9ooo ooo

co poor
n x U L y r XMU 4

o.ae

3 colors 2 colors 2 fold coloring
Thefractional chromaticnumberofthegraphis defined as

flu igf
x foul being

x lU

the limit exists by Fekete's Lamma since x'b U satisfies
subadditive fatb cu e Naka x'bleu
so x

b
is a non increasingfunction Therefore

Xf U E X1 U



Forany coloring vertices ofthe samecolorform an independentset
Let I be a set of all independentsets in U we use thefollowing
optimizationproblem to characterize the chromaticnumberandthe
fractional chromatic number

minimize
TJ I 1

b

S t E t 3 I foreach i cVCU
Jsuchthat
i e J

D a vertex can be inmultipleindependentsetswhen b z l Lbfold
2 If we require Fg C o t theoptimalobjectivefunctionvalue is
the chromaticnumber If we require relax t E o.IT theobjective
value is the fractionalchromaticnumber
Why If we require KjC o I theoptimal result tf I't represents
theoptimal partition to assign colors to eachvertex Theobjective
valueequals thenumberof colors the constraint is to makesure that
vertex i showedup in at least 1 independentset

If we let JbCTo I we can multiply each termby b
and let tf b f s t tfcSo 13

min 2 JI
T GI

S t z y b for each i
J s t
i EJ
b 0

With the explanation for the casewhere TyC o B the new problem
is a b foldcoloring problem Since JjCTo I is a relaxed constraint
we can achieve the following inequality



Xf U E X U

Underany circumstance vertices in a clique are colioreddistinctly
so the minimum of colors mustbe no lessthanWLU Wehare

Wl U E Xf U E XCU

Scheinerman Ullman state that
Xf U 3 I VLUH

d cu
lKUJI
w tu

An automorphism of an undirectedgraph U is a bijectivefunction
x VCU VCU suchthat foranytwo vertices I j CVCU Tui Taj
are adjacent if i and j are adjacent
An undirected graph U is said to bevertex transitive if for any
two vertices i j thereexists an automorphism Test Iii I

E
I 0 I
2 04

not a vertex transitive

3 3 I graph because it's impossible

4 02 to find a Te s t Thi 3U U
Thi Th A connectedgraph is a simpleI 02 I 03
273 2 01 exampleof vertextransitiveID B r l 3 02

graph
I

y 1 03
I 2 02 also a vertex transitivegraph

3 01
4 04

Vertex transitive graphs are highly symmetric becausewithoutknowing
theindexofeachvertex standing at anyvertex thegraphlookthesame



VCU 1Forvertextransitivegraphs Xf U d U

Four Color Map Theorem
For loopless planar G the chromaticnumberof it's dual graph

is x CF E 4
Dual graph is a projected graphof plannarG s t each area i

maps to a vertex in its dual graph Tui Tail andTuji are
adjacent if iandj are adjacent
planar graph is a graphthat can beembedded in the 2 Dplane

suchthat edges intersectonly at theirendpoints ie no twoedges
crosseachother

3 Perfect Graph undirected graph
Anundirected graph is perfect if foreveryinducedsubgraphUlg
thecliquenumberequals the chromaticnumber i e WCUIg x Ut
Proposition I Chudnovsky Robertson SeymourandThomas

Anundirectgraph is perfect if no inducedsubgraph is an odd
cycleof length at least five on the complement of one

itoddhole antihole

Perfectgraphtheorem
A graph is perfect if it's complement is perfect

Strong perfectgraphtheorem same as proposition 1

Perfectgraph are graphsGwhereneitherG nor E contains an induced
cycle of oddlength no less than 5



For an odd cycle oflength 3 5 we cannot use 2 colors to
colorthecycle but thecliquenumber is 2
But for an odd cycle oflength 3 thecliquenumber 3
For an even cycle we can always use two colons

A Mustuse
a third

B l color
40B

Try to color

Let U be an undirectedgraph on n vertices Foreachclique k
in U the incidence vector XCh x Lk Xsek Xmki is defined
by x Lk 11vertex i C k
E.g if K has 3vertices 1 3 4 and n 5 theincidencevectoris

I 0 I I 0

Let k be a set of all cliques in U the cliquepolytopeof U
is definedby the convex hull of the incidencevectors of cliquesofU
as p U Eek8k Mk Sk30 Eek8k t

The convex polytope associated with U is definedas
p U EX no xn

1
Xi El for all independentsetsI

Xi 30



Recall that independent set I is a setof vertices with the same
color
It's not very hard to believethat p'Tu C Pull because
101U is defined on cliques whichmustbeneighboring vertices

while Pcu is defined on colorings where vertices can be far away
And clique is a strict constraint than coloring

Lorasz's perfectgraph theorem
Forany graph U the following statements are equivalent
D U is a perfectgraph
2 p'Tu Pcu
3 it is perfect

4 Graph products
We use in j denotes that vertex i al j are adjacent

1 Disjunctive Product Ul V Uz
Given two undirected graphs U and U2 the disjactive

product U U V Uz is defined as From From
U Ur

U VLUDX V Un cartesian product f f
vertex in U is alenoted as a two element triple Ci in
vertex cir.ir n j ja iff ri uj or is a jaw

i n U in U in U
I il l 2

312 2 I

3 I 212



Urk is a graphgenerated by product.ng U for K times

For chromaticnumber X LU v uz E XCUDXLUs

Lemma l Scheinerman ofUllman

Xf UcvU2 Xf Uc Xf Uz

Xf U Ling TH'T if KfW
2 Cartesian Product U AU2
Given two undirected graphs U d Ua the CartesianProduct
U U AUa is definedby

VCU VCU X V Uz same as disjactive product
i in ucj ja IH ji iz u js

or

Kenji vi joy
I l I i2

A 312 2 I

3 I 212

Lemma l Sabidussi
x Ul h Us Max NICU XCUs

3 Lexicographic Product C U o U r

U U o Us with cia in n cj j if ofJ

1,1 z
I Ji Izu js

312 2 I

3 I 212



Lexicographic indicates this product is not commutative i e
U Uz UzO U

But Xfc U oUs Xf UzoU XfCUD NflUz


